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William 6. Kolakoski

Run-length encoding operator / fixed point

Herbert Freeman

Chain codes / uniformity / balance

Azriel Rosenfeld

Hierarchy of runs
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The run-length encoding operator

Ap {12} — N¥

k1okaksoky | Cifwel-{1,2}¥
k2k11k22k31k4 o ifw e 2 {12}

Aj(w) = kykoks - - -
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The Kolakoski word

- 22,1 1,21,221,22 11 2,..
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Digital lines...

Dpi(y =ax, x> 0)={(k, Jak]); ke NT}

...and binary words

s'(a):N — {0,1}
YneN s (a)=[a(n+1)] = [an]
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the chain code ;... 010010001 ...
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Freeman's notion of balance

(F3) successive occurrences of

the element occurring singly are

as uniformly spaced as possible.
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Rosenfeld and his runs

the chain code

I 0 0 O
(L,1) 2,1) 3,1) (4.1)
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Rosenfeld and his runs

Two run lengths on level 1: runs, §,=10" and L ,=10""

Two run lengths on level 2: runs, S=S.L “and L,=S L "
or §,=5 ‘L and L,=S 'L,

Two run lengths on level n: runs S=S L 'and L =S L "
orS=S 'L andL =S "L
orS=L S 'andL =L S '

orS=L 'S andL=L "'S
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Three questions. About:

the run length on level n

the main run on level n-1

the first run on level n-1
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The index jump function

a = |0;a1,a9,a3,a4,a5,a6,az, . . .
?a : N+ — N+

- bg f'/\“\ I—Aq\ blg
A, ay a1, 1,1, ag. ary, ...

[
12, 13,
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The index jump function

a = |0;a1,a9,a3,a4,a5,a6,az, . . .
?a : N+ — N+

L iq(2) = 2, for n > 2
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The index jump function

a = |0;a1,a9,a3,a4,a5,a6,az, . . .
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The index jump function

a = |0;a1,a9,a3,a4,a5,a6,az, . . .
la - N+ — N+

io(1) =1, ig(2) = 2, for n > 2

lgn+1)=14n)+1 +

by

19 1
bi b b
= [0; 11 aé@\l @\1 (Iq ag (111 au@,a\lb (1113?
[
1, 2, 3, 5, 06, 7, ...

8 9 1() 12,13, 15,

(ia(k))f eN+—
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85"M" L (or Ly S

-?(f

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

o k) Iseven = P =54,
io(k) isodd = Pq1=1L; 1.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (k) describe the form of run,:

Sy =101t [ = 10“1 and. for k& > 2:

3” )> A SL "Lk 1 ()1 L;L 18 m )
az“(k) — 1 — Sﬁ ’SL | (()1 S;L 1L @i, “—H)j

io(k) Iseven = P4 = 51,
io(k) isodd = Pq1= L1
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85"M" L (or Ly S

-?(f

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

o k) Iseven = P =54,
io(k) isodd = Pq1=1L; 1.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=S"T L (or Ly Sy,

—> S;;: m HSL 1 (()1 S;L 1L m )

-?(f

o k) Iseven = P =54,
io(k) isodd = Pq1=1L; 1.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85M" L (or Ly Syl

L 1 @ (k)41
= S, = L al +S,(L 1 (()1 S 1_JA”(1)+ )

-?(f

o k) Iseven = P =54,
io(k) isodd = Pq1=1L; 1.




Sturmian words with balanced construction

UPPSALA
UNIVERSITET Hanna Uscka-Wehlou

The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

@i (k riﬁ.
— Sk:Sk—((i) L. 1(()1 L. 1S al

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

o k) Iseven = P =54,
io(k) isodd = Pq1=1L; 1.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

L = g m’ k) L,{L 1 (()1 Lg 1S M(ﬂ

T_L Jal Sy (or S Ly ”’ .

o k) Iseven = P =54,
io(k) isodd = Pq1=1L; 1.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85"M" L (or Ly S

-?(f

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

o k) Iseven = P =54,
io(k) isodd = Pq1=1L; 1.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85"M" L (or Ly S

-?(f

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

?:a,(l{?) iS = P..1=5._1.

(k) isodd = P,q1= L1
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85"M" L (or Ly S

-?(f

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

?:a,(l{?) iS = P.1=5._1.

io(k) isodd = P,q1=1L; 1.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85"M" L (or Ly S

-?(f

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

‘? iseven = P._1=5S._1.

‘=> Py = L.
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The slope of the line (upper mech. word) is a=[0;a,,a,,a,,

How i,(k) and a;, (g describe the form of run,:

S; =101 [, =10%, and, for k > 2:

=2 = Se=85"M" L (or Ly S

-?(f

a-?”(ﬁ) — 1 — S.IC — {” +ISL 1 (()1 S_IL 1L {” ):.

‘? iseven = P._1=5S._1.

=> Py = L.
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slopes: a=10;1,2,1,1,3,1, 1, a,, a,, ...

P, - n' prefix according to the run hierarchy
S, - short run of level n

L, - long run of level n

i(H)=1,i(2)=2, i(3)=3,
i (4)=5, i(5)=6, i(6)=8, ..

Essential 1's: a;, a,

non-essential 1's: a,, a,, a,

L, = 10, b =[S,)=1
S,=S,L, P,=L1,=S2L,, b,=]S)|=2

S,=L,S,. P,=L,=L2S, b,=|S, =1+

P,=8,=L,S7 L,=L,S;, b, = IS, =3
Py=5=8,L, L;=S,.L7, by = ||S|[ = 1+1
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Calculations for the latest example

main,, | ig(k+1) | by | prefix Py of s'(a)
' even ' 51 =1

odd 2 | Lo = Tle = 1110
odd . Ly = Lz So
even : Sy = L35%
evenl ‘ Sy = Sy,

odd s L¢ = S&® Ly
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Calculations for the latest example

maiin .

io(k +1)

prefix P, of §'(a)

evell

a‘JTl — J_

{}{'l{'l

L = 520, = 1110

{}{'l{'l

evell

evell

{H'li'l
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Calculations for the latest example

maiin .

io(k +1)

prefix( /7 Jot s'(a)

evell

a‘JTl-: J_

{}{'l{'l

L = 520, = 1110

{}{'l{'l

evell

evell

{H'li'l
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Calculations for the latest example

main,, (i (k + 1)) b | prefix(Py Jof s'(a)
S even ' S =1

odd 2 | Lo = f_'JT%Ll = 1110

odd . :

evell

evell

{H'li'l
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main,, (i (k + 1)) b | prefix(Py Jof s'(a)
S even ' S =1

odd 2 | Lo = f_'JT%Ll = 1110

odd . :

evell

evell

{H'li'l
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Calculations for the latest example

maing, (i (kK + 1)|(br)] prefix(Py Jof s'(a)
S even ' S =1
Lo odd 2 | Ly = f_'JT%Ll = 1110

Sa odad

evell

evell

{}{'i{'i
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maing, (i (kK + 1)|(br)] prefix(Py Jof s'(a)
S even ' S =1
Lo odd 2 | Ly = f_'JT%Ll = 1110

Sa odad

evell

evell

{}{'i{'i
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maing, (i (kK + 1)|(br)] prefix(Py Jof s'(a)
' evell ' S, =1

odd 2 | Lo = ";TELI = 1110
odd . Lg_ = Lz 5)
evell ’

evell

{}{'i{'i
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Two equivalence relations on the set of slopes

1. based on run length on all levels for s'(a):

a < [(bl? 3)2; b3? Tt )]Nl('.ll =
vV keNT Skl = 0y,

2. based on run construction on all levels for s'(a):

(1 ~ (1
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The constructional word ~(a) € {0, 1}~

Let a =[0;ay,as,...]. Forn e N™:

a”([l) — '?'.-“.("H- + 2) o ?"'u.(n' + 1) —1
ﬁ*""u.(ﬂ-' ) — 51((1,;{1(1 1+1) )

4 -

0, .S, is the most frequent
run on level n for §'(a)

Yola)

L,, is the most frequent

run on level n for s'(a).
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The constructional word ~(a) € {0, 1}~

Let a =[0;ay,as,...]. Forn e N™:

la)=1,n+2)—i,(n+1)—1

Ynla) =01 ai, (1))

0, .S, is the most frequent

run on level n for §'(a)

Yola) =4 | ,
" L,, is the most frequent

run on level n for s'(a).
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Definition The run-construction encoding operator

A UMy — {0,1}* is defined as A, = (17)o(s")7.

[0.1[\ Q UM,
1~ \An

{0,_ 1}“’ O UM,

where A M denotes the set of all upper mechanical words

with irrational slope 0 < @ < 1 and with intercept 0.
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Let @ €10,1]1\ Q. The word §'(a) = 1l¢(a) has

balanced construction it

JaeR ~v(a)=cla)

Sturmian-balanced construction it

Jael]0,1]\Q ~(a)=cla)

self-balanced construction

Iv(a) = Ac(le(a)) = 1c(a)
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A fixed-point theorem:
exactly 1 fixed point in each equivalence class

Let (bp), -p+ be such that by € N7

and by, € N7\ {1} for all n > 2. Then

ol 1[\Q

a < [(Z)’Tl-)“rl-€N+]Nlell A
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A fixed-point theorem:
exactly 1 fixed point in each equivalence class

Let (bp), opg+ be such that by € N7
and b, € N7\ {1} for all n > 2. Then

361031[\Q
a < [(bn)ngNme A
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A fixed-point theorem:
exactly 1 fixed point in each equivalence class

Let (bn),,
and b, € NT\ {1} foralln > 2. T

1

ac)0,1\Q
a < [(b’rl-)nENJr]leﬂl

N+ besuch that by € N
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A fixed-point theorem:
exactly 1 fixed point in each equivalence class

Let (bn),,
and b, € NT\ {1} foralln > 2. 7T

N+ besuch that by € N
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Theorem Let Fix(A.) € UM, denote the set of all
fixed points of A.. Then:

L. Fix(A.) C $/(]0,2[\Q): numbers 0 and 2 are accu-

mulation pomtb of (s")7HFix(A,)).

2. card(Fix(A,)) is equal to that of the continuum.
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Ph.D. Thesis (to be defended in 8 days!):

Digital lines, Sturmian words, and continued fractions




